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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :
There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and 5 are compulsory and out of the remaining, THREE are to be
attempted choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which

must be stated clearly on the cover of this Question-cum-Answer (CA) Booklet in the space
provided. No marks will be given for answers written in @ medium other than the

authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard
meaning.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
guestion shall be counted cven if attempted partly. Any page or portion of the page lefi
blank in the Question-cum-Answer Booklet must be clearly struck off.
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Q1.

©us A
SECTION A

Teft At 3% IR iR

~ Answer all the questions :

(a)

(b)

(c)

10x5=50

oM Hitee K T &9 8 a9 K[X], K T 0% THa X X § 9g9al 1 oed 2 |
T wgee f e K[X] % fog @ SR (f), £ g Sifva KX # 1orsiiaed s
fAfde st 2 | guisy fo6 (), K[X] & U 3fass umiaet @ af ik $aa Ik

f, K W @S9 9g9< & |

Let K be a field and K[X] be the ring of polynomials over K in a single
variable X. For a polynomial f € K[X], let (f) denote the ideal in K[X]
generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is

an irreducible polynomial over K.

DD S e e
X

10

g fou T wE\ £ : (0, ©) > R & U cwise f e smwaa wem

g:R > RE £ o foeam a1 2 |
For the function f : (0, ) > R given by

e |
flx) =x sm§,0<x<oo,

show that there is a differentiable function g : R _» R that extends f. 10

T IR (x,) T {y,} = g st o @ R

1
xlza, Y= Listdlex = yx i By i =9 B8

.Lz_l_ i.;. 1 Lol seuer X R 4
yn 2 Eh yn—l

forg =hifsrg f6

xn—1<x'n<yn<yl1—17 n=2,3,4,.-.

aen fm At f6 GFT orgehn T € diw (limit) ¢ W STRMERE B9 8,

&

GIET%<Z<135’I
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Q2.

(d)

(e)

(a)

Two sequences {x,} and {y,} are defined inductively by the following :
1l
K= —2*, Y= 1 and X, = vXn-1¥p-1, D= 2, 3, 4,...

_1_:}.. i+ 1 , 1122,3,4,...
Yn 2 a0 ¥ns

Prove that
xn—1<Xn<YH<yn_1) n-2,3',4,...

and deduce that both the sequences converge to the same limit /,

where % < i< 10

Wv(x,y)=x3—3xy2+2y @WW%‘?Wﬁﬁ%W I
ofe &, @ sEe G TEaTE Hel u(x, y) T I a9 36 feetive b
Trea HifTu s aTafaess qen et W A u Al v § |

Is v(x,y) = X2 — 3xy2 + 2y a harmonic function ? Prove your claim. If yes,
find its conjugate harmonic function u(x,y) and hence obtain the
analytic function whose real and imaginary parts are u and v
respectively. 10

E>CRp]|
x+2y=>1, 2x+y<1, x20 9 y=0
F TY 5x + 2y 1 AlHaH qF A fafr gra s il |

Find the maximum value of
5x + 2y
with constraints
x+2y>1, 2x+y<1, x>0 and y20
by graphical method. 10

guise 6 Avft

= (_1)n+1
n+1l

n=1

ane AfEd R 1 (IR @ R fig s e i/ sEEt % seEe
8, 3Eeht /3AH Syuhe oft R 1)
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Show that the series

oo

(_1)n+1
Z n+1

n=il

is conditionally convergent. (If you use any theorem(s) to show it, then
you must give a proof of that theorem(s).) 15

(b)  HH AT p Th TSI HCAT & A1 Z, Tl Aiggen p % A7 &g i [
T & | G 5 Z ) T Tedieh YA e Z ) F1 T Ll @ |

Let p be a prime number and Zp denote the additive group of integers
modulo p. Show that every non-zero element of Zp generates Zp. 75

(¢)  AfermaHieRtor HfvT
z = 2% + 3%y + 6%4
CAGRED
2%1 + X9+ X3 <5
3Xg + 2X3 < 6
x120,%920,x320.

F IAH TA A 8 2 (Y I A0 SAtfered AR |

Maximize
z = 2%y + 3Xg + 6Xg
subject to
2% + X9+ X3 <5
3Xg +2x3<6
x120,%920, %3 >0.
Is the optimal solution unique ? Justify your answer. 20

Q3. (a) WM ANT K, & F &1 T for 7 | fag Fifve i K& srea, st fs Fm
ST 8, KHISURT A & | 3, IR Fc K c L &7 8, L, KW sl 8
a1 K, F R i<l 8, 99 fag hifse o6 L, F ot «fishia 2 |

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F c K c L are
fields, L is algebraic over K and K is algebraic over F, then prove that L

is algebraic over F. 20
M-ESC-D-MTH 4




(b) e

f(x, y)=x4+y4—2x2+4xy~2y2
%Wﬁﬁaﬁawﬁmmmﬁﬁq l

Find the relative maximum and minimum values of the function

flx, y) = x* + y4 o 4xy — 2y°. 15
() HMH HIfNE
y:[0,1] - CTsh

yt)=e™t 0<t<1

@ | S 9aqTd 5T giael (shegx) THTehet

dz
412;“’Z -1

i

wmt{sn?f?#r%ml

Let

v : 10, 1] — C be the curve
) =e?™ 0<t<1,
Find, giving justifications, the value of the contour integral 15
dz
I dze
Y

Q4. (a) TS foh W sfivd: Haa &5 awa 2 |
Show that every algebraically closed field is infinite. 15

(b) HF T F: R R Th Had %o 39 ThR 8 7 lim £(x) 9o lim f(x) =1

RGO X—>—0c0

Jifedea 2 qen 3 ufifg 2 | forg ifvTT 6 B W £ wohemm oa 2 |

Let f: R — R be a continuous function such that lim f(x) and lim f(x)
X—>+00 X—>—00

exist and are finite. Prove that fis uniformly continuous on R. i3

() Toig HIF o wdes wma doft sws s1fmmy qn % st T v wom w1
et et 2 |

Prove that every power series represents an analytic fiinetion inside its
circle of convergence, 20
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Q5.

©uE B

SECTION B

Teft TroAt ok TR G @

Answer all the questions :

(a)

(b)

(c)

x2+y2+z2=czmﬁumﬁﬁ%ﬁ%mﬁvﬁaqﬁwm
FefieRtor ST <hIfTT |

Find the general equation of surfaces orthogonal to the family of spheres

given by e y2 + 2% = cz.

T S az[zﬁg}i,Qy—Bz#&,x—Sy_%:\ % ga i gt Bl B,
r r r

S| _q)(u,V,W)EFI?ﬁqﬁﬁqffa"T%H?lT T :(X,y,z)QT:ir r2=X2+y2+22%?

gd x2+y2:9,z=0ﬁQf(é?lTUT (circulation)a?ﬂ% ?

Does a fluid with velocity Ei) = {z - 2z Oy — 8z~ 2y X =3y~ ﬁ}
T T %

possess vorticity, where T:i (u,v,w) is the velocity in the Cartesian
frame, T = (%, vy, z) and r=x2 + y2 + 72 2 What is the circulation in the

circlex2+y2:9, Zi=10:?

m ST T T G-, S feRT Sl o feerRra (space) | THH &, <1
Rrerre <BIRYT | AT O ¢ = 0 T AT B YEIATT ShUa B e ¢ wwe K feufd
(x,y,z)ﬂ‘@?ﬁ%,?ﬁ%ﬁ?ﬂ%ﬁwwwSaﬁx,y,z,fc%ﬁ@w
% w9 H 7 I |

Consider a single free particle of mass m, moving in space under no
forces. If the particle starts from the origin at t = 0 and reaches the

position (x, y, z) at time T, find the Hamilton’s characteristic function S

10x5=50

10

10

as a function of X, y, z, T.
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(@ Tfafaa mee gt wt ged fg-enurd qen wew-onuil Tt ®
EfeT
(i) 4096
(i) 0-4375
(iii) 2048-0625
Convert the following decimal numbers to equivalent binary and
hexadecimal numbers : 10
(1) 4096
(i) 0-4375
(iii) 2048-0625

(e) TIRIh Tahel THIHLT
y+zx)p—-xX+yz)q= x—y‘2

%1 SATTH FHTHS 1A HIST, |
Find the general integral of the partial differential equation
(y+zx)p-X+yz)q=x —y2 10

Q6. (a) Wi z = p? — ¢? & Sifveiemr Fuifa Fifsre, den WeaeR 4z + x2 = 6,
y =08 TSR T FHIhel Ys3 HId hINT |
Determine the characteristics of the equation z = p2 — g2, and find the
integral surface which passes through the parabola 4z + x2=0,y=0. 15

b) WMU: ¥ RER sEdeg w6 T g TR O W e m
ﬁwmgélm%mﬁﬁwﬁﬁgpméﬁﬁmﬁﬂm
——Urcos@% W&l OP = rHﬂTBHEW%GﬁOP femm 1%1“213?"?“
%lmﬁwmmmaﬁﬁqwmﬁq%%q@

Ur? sin? 0 — 2m cos 0 = 3= (constant) I =@ % |

A simple source of strength m is fixed at the origin O in a uniform
stream of incompressible fluid moving with velocity U? . Show that the
velocity potential ¢ at any point P of the stream is B Urcos 8, where
OP = r and 0 is the angle which 5%’ makes with thi: direction _: . Find
the differential equation of the streamlines and show that they lie on the
surfaces Ur? sin® 6 — 2m cos 0 = constant. 15
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(¢c) TH v xe [0, 1] % T8 fix) =e*  cos 3x 8 | ME x=0,x= 03, x= 06
qUT x = 1 W S1G 3 o oIS STqIsi 959G i SEHTA Hid §C f(0-5) & HE
e HINT | = [0, 1] W IR T d aratess IR E(0-5) H
arfirhe Ht HIfT | |
Let f(x) = e%* cos 3x, for x € [0, 1]. Estimate the value of f{0:5) using
Lagrange interpolating polynomial of degree 3 over the nodes x = 0,
x = 03, x = 006 and x = 1. Also, compute the error bound over the
interval [0, 1] and the actual error E(0-5). 20

Q7. (a) NREH el THIH
3 3 3 3
b7 _p i 522 4-26—2:@”y
ox Ox“0y  Ox 0y oy
I g T |
Solve the partial differential equation
3 3 3 3
a—§—2azz— 622+2a—§:eXer 15
Ox O0x“0y  0x 0y oy

(b) el a, b (a < b) % & Heheg TIEAT HI o S shl G ! T p b WA
¥ 9O T R | At i o i W e S, 3t 9t W x-feynm # 9n U
F Y AT I8 A i y-fenn H A V F @, @ iy F wa H IniEem
Tifd, o fava

{aBU [1 + % b3r_3) X — b3V(1 + % ad r_3] y}
b=
(b% —a°)
TR & S R, S 12 = x2 + y2 + 22 a1 e gnehifves 8 | e o feeet
off forg W o &1 7 FepTfeTT |
The space between two concentric spherical shells of radii a, b (a < b) is
filled with a liquid of density p. If the shells are set in motion, the inner
one with velocity U in the x-direction and the outer one with velocity V
in the y-direction, then show that the initial motion of the liquid is given
by velocity potential
{a3U (I + % b3'r_3) X — b3V(1 + —% a3r_3] y}
¢= ,
(b3 -a%)
where % = x2 + y2 + z2, the coordinates being rectangular. Evaluate the
velocity at any point of the liquid. 20
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1
() HuHd jf(x)dx%m,@ﬁq%%ﬁgm &b e,
=

Jl. f(x) dx =f(%} +_f[— ;/1_5]
)

4
oI foon T B | 59 R 1 ST S 5T jz;;e"dxw:ma»—m@ﬁml
2

1
For an integral J.f (x) dx, show that the two-point Gauss quadrature

—1
1

il il
rule is given b fix)dx =1 [—] +f (— —] Using this rule, estimate
gl b I 3 73 g
-1
4
J. 2x e*dx. 15
2

Q8. (a) IS 10 cm TAT 3T IIEA-TN=DE HT HABA 1 cm? i Al Hl T T A
AMHE ux, t) W@ B | T T o ea p — 106 gew?, TOT T
K = 104 cal / (cm sec °C) a1 fafR¥me S 6 = 0:056 cal/g °C. B8 Uid:
CIRCED ﬁ'ﬂ?ﬁ (perfectly isolated laterally) 2, T40 =+ 0°C W @ 7
YR d98H f(x) = sin (01 ) °C 8 | €I AU 6 u(x, t) A= i
ut=c2unma@mqm%,aﬁc2=1{/ (po)a |

Find the temperature u(x,t) in a bar of silver of length 10 cm and
constant cross-section of area 1 cm?. Let density p = 106 g/cm3, thermal
conductivity K = 1-04 cal / (cm sec °C) and specific heat ¢ = 0-056 cal/g °C.
The bar is perfectly isolated laterally, with ends kept at 0°C and
initial temperature f(x) = sin (01 nx) °C. Note that u(x, t) follows the heat
equation u; = c? u, ., where 2=K/ (po). 20
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(b)

(c)

TS [ TAT FHTS o I ¢ % TTU Th HYob g¢ THaw T r BT 1 T 79
o fhEe T T 8 | O i 3fua sarushia frawme dfvm | e, 3
H1 B, O @ FINT | 73 5 g emish g fafae | @ a s=ren g
B THGA o el T4l 9 g9 1 A S <hife |

A hoop with radius r is rolling, without slipping, down an inclined plane
of length { and with angle of inclination ¢. Assign appropriate
generalized coordinates to the system. Determine the constraints, if any.
Write down the Lagrangian equations for the system. Hence or

otherwise determine the velocity of the hoop at the bottom of the
inclined plane.

o S A, B, C Sefl <R 8, AT T A g ffee iar 2, A OR B fug
S5k A + Ba A AND B & foq =i9i& A . B ® | a1 fr=ifaiRaa sasie =l
T HINT g9 AND 3R OR T8 1 $HUIA Hd gE WICAIshd odsieh h
Sqleh ARG I |

A.A+B+C).(A +B+0).(A+B +C).(A+B+C).

Let A, B, C be Boolean variables, A denote complement of A, A + B is an
expression for A OR B and A . B is an expression for A AND B. Then

simplify the following expression and draw a block diagram of the
simplified expression, using AND and OR gates.

A.A+B+0).(A +B+0).A+B +0).A+B+0C).

15

15
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