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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting guestions :
There are BEIGHT questions divided in TWO SECTIONS and printed both in HINDI and in
ENGLISH.

Candidate has to attempt FIVE gquestions in all,

Euestions no. 1 and § are compulsory and out of the remaining, any THREE are to be attempled
choosing at least ONE question from cach section,

The number of marks carvied by a question f part is indicated against it.

Ao = be written in the medium euthorized in the Admission Certificate which must be

iy on the cover of this Question-cum-Answer (QCA! Booklet in the space provided. No
will be given for answerg written in o medinm other than the authorized one.

ssume suitable data, if considered necessary, and indicate the same clearly.
Unless and otherwise indicated, symbols and notations carry their usual standard meanings.

Atternpts of questions shall be counted in sequential order. Unless struck off, attempt of a question
shall be counted even if attempted partly. Any page or portion of the page left blank in the
Question-cum-Answer Booklet must be clearly struck off.
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wWUE A
SECTION A

gat grE vk O 0 3 faes § | 3 @ uw T afime o ek 9

arel s s & ) =59 91 s e 9w B, ° 3 om ae’ e i

wifiRAT A9 0-5, 06, 001 % | Tf% 59 Tl 8 @ v fuwn anfeos ol 4

<1 S # 3 At 5w e wm R, @

(i}  PHTT)F0 8 7

(i) =& AFd 'Y TR (HTT) 2 8, @ sAfem faew g &1 aifdear #9
g7

wEl W (H, T) #aw: o0 qa 92 ffew w0 8

We have a bag with 3 coins in it. One of them is a fair coin, but the
others are biased trick coins. When flipped the three coins come up
‘heads’ with probability 0-5, 0-6, 0-1 respectively. If one of these coms 15
picked at random and flipped three times,

(i} What is PCLHTT) ?

(ii)  Assuming that [HTT) cccurred, what is the probability of having
chosen a fair coin ?

Here |H, T} denote Heads and Tails respectively, 10

ar wifae, & X, X, .., X, 30 892 ¥ s i & o o wem
ﬂxlﬂ}zﬁiﬂ+1}:{”‘1[1—xJ, D<cx=<l, 620 'E I

o w5y 9 wEes e Fifa

Let X5, Xo, ..., X, be a sample {rom a distribution with density function

fix|0)=06+11x" 1{1-x), D<x=<1, 6=0.

11

Obtain an estimate of B by method of moments. it
uR Fifau fF & aefEes = v § 99 § oft g = § 9@fen # T 9
wEHEAE U0, 1DE | U:%Hﬁﬁﬂﬁﬁﬁﬁqiﬂmmﬁmﬁﬁﬁml

Consider two independent and identically distributed uniform U0, 1)

random variables. Derive the digtribution of 1T = i . Comment on E(U). 10
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Fefafaa sz 2 Bfm wer 6 Sefm £ ofer aefa (e ) e 53
B

THH A 40 30 40 45 & 30
TET B 50 50 45 55 60 40

2l uftest v & anie g ww §, & oflem & fav mifege whem = wam
Hifam |

The following data represents lifetime (hours) of batteries for two
different brands ;

Brand A 40 30 40 45 55 30
Brand B B0 B0 45 BHH 60 40

Use the Median test to conelude if the two samples come from the same
population. 10

FeE HE T W w0 i s

I
k
lim ™™ E I1'—=l.
n —» oo KE =2
k=1

Using central limit theorem, show that

<O T
: - 1
lim ™ E it
0 —en K 2 i
k=0

X, Y T HYF gaed B

Bx, vl=e, 0=xsy<es,
X, Y % 3914 92l a0 X % fou 21 W v % avfaeey "@e w5t 5@ $ifew
The joint density of X, Y is

fx,vi=e™, 0O0sx=y<e,

Find the marginal distributions of X, Y and the conditional distribution
of ¥ given X. 20

HH A Xy, X, ..., X, F=09 9 6969 "@ted 59 (1, p) ages = E
pl1 — p) =1 U "fagy & #Araw W UMVUE 3@ $ifg |

Let X;, X, ..., X, be iid binomial (1, p) random wvariahles. Find the
UMVUE for p(1 — p), based on the sample. 15
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u[ S & xq, xg, ..., %, N(O, 8) T 75 Tgfos wiogy & | 990 0 FEE
2 | Hy: 8 =0y Hy: 00y fEse yiaw * fau garfes afems gfigm
=T HIfAn, s 0y 0 AfFEa g 5e ® | #9098 UMP 9fem 8

Let xy, X9, ..., X be a random sample from N{0, B8). The variance @ 1s
unknown., Derive the most powerful test for Hy : 00 = 0 against
H; : 0 > 8y, where 8 is a fixed positive number. s it a UMP test 7

wmrET T e R e kT fem e an S Fm A RAI g W
oftém o ud=d €, 981 % R wiidem 9 w2

i i
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ol r 4

m 1 2m
i=1

Shots aimed at a target reach the plane of the target at a distance R
from the centre, where R has the probability density function

o
s T
fpir; al) = —]—:— re "o rr=.
2
o
A hit is scored if R < a. If n shots are fired and there are exactly m hits,
these being at distances ry, ry, ..., Iy, from the centre, prove that the

maximum likelihood estimator of o is given by
111

) 1 o—1m
G = — E o D rg®
2m ' 21m

T w6 (X, i =i uw wn A Y, = %Z X;.

i=1
fag #ifaw f6 &8 (X, % 98q gewei % gde Fam = d@g2 ¥ F &g
Hlavae a9 e uiEEy

o
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Let {X;| be a sequence of random variables and Y = — X,

I'I_
|

Prove that a necessary and sufficient condition for the sequence {X,} to
zatisfy the weak law of large numbers is that

(1)

()

(1}
(i1}

'rf'z
E 1—1;;5 — 0 as n— . 15
+
n

A it & 8, vE gdie (wofim) ofd 0 n 90 SO § are s
FAME |

=
P{ —'1—3'5"}$‘1 TRl >0

n
&1 3aft drar =1 wEeem Fifan |

Let 3, be equal to the total obtained in n tosses of a symmetric
die, Estimate an upper bound for

e
P{ n 3—5:}$‘, for ¢ = 0.

|
A a6 n=1, 2, ... % fw X @ 290 wew
P[Kﬂ=ll=§&ﬂIP[Xn=ﬂk-—-1—%E :
e #ifem fe #m X, wifierar # o w1 stfimlE g g
Let X have the densily function, forn=1, 2, ...,
P%:l]:%aﬂdl‘*[}{ﬂzlﬂ:l— %

Check whether X, converges to zero in probability. 15

g X, L, K,YH—P} C, @ gwizy &

i B
R P R

Git) X,/ Y, —2 X/C, T C £ 0.

If X,

(i

(i)

(1ii)

# p, Tt =B 2 C, then show that

X, + Y P

oV — s OF

X I Ry X/C, provided C = 0. 20
5



(b} maﬁmﬁ}{-f}.jﬂ}, 1, 5@l

X 1 2 3 4 5
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fo - i % e b i
7 5 5 5 o
£ 1 1 1 1 1
% 7= il 2 - w
B 4 (5] 4 51

g % AT % Haag w9 gm Fifee | s mgar e g 7

Let X ~ £, j=0, 1, where

& 1 2 3 & 5
1 1 1 ! 1
fiy : = = pox o e
3 a ) 3 b
£ 1 1 1 1 1
1 — —_ — — —_
[ 4 B 4 6

Find the best critical region of size 3 What is its power 7 15

ol

(e) (i) ueh mvgEw afEmeg Hy 6 = 6, 98 % 350 aftmewn Hy 0= 6
3, & ghEw % fou fag Fifau f sgefus ofdss agoe aftem
(SPRT) WIfashal U % =1 FA74 2 2 |
For testing a simple hypothesizs Hy : & = 8; against simple
alternative Hy : & = 8y, prove that the Sequential Probability
Ratio Test (SPRT) terminates with probability one.

(i) wM wifan % agfes dam X, X, . ¥t ¥ PX = 1) = p a9
PX=0=1-pa &1 Hy:p=pyFm (Feg) By p=p; F o0
AR WTTERaT A JEE e i |
Let X;, X5, .. be random observations from the Bernoulli
distribution with P(X = 1) = p and P{(X = 0) = 1 - p. Obtain a

sequential probability ratio test for Hy : p= pyagainst Hy :p=py. 15
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SECTION B

TF §IEAH L6 B AT t, 2xlig B WEl B | Sern f e A
g et = § | U WA grersh o wnanE L= 1, ., k) S e g
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HiheTsh
TR
2
- — FE V(R =2 —
Y S
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The period of oscillation, t of a pendulum is E‘,m,-ﬁ’_E where [ is the
length of the pendulum and g is the gravitational constant. The periods
observed are t; (j = 1, 2, ..., ny) and lengths L (i = 1, .., k) of the
pendulum, in an experiment. Assuming the errors of observations to be
uncorrelated with zero means and variances o, show that the hest
linear estimator of }3 =an/Jg is

>a, v Z
f = Zn—l—:]— and V(ﬂﬁ_ﬁ

i i

e =gl it ufeamm it m | w0 oy gew ardEEEm A wlEe B R 2

>l 10

% I R WY A9 A ) = i |

Define prinvipal components. Is the principal component affected by
standardization ? Establish your claim by illustrating the same with the
covariance matrix

Z i [Z 1:43}'

10
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(i) ek 2k Eg-aoEEl TE H O e snfies w4 3T FamEn |
Distinguizch between total and partial confounding in a
ok fartorial experiment.

(i) @ 4% AN F Ega § =90 et § @y vs 23 9gameE g
T AT & A1 A e & aeEEtnar Eemm ol 8, 9@
afunTHi T FaTev #A B, A ) hifei w1 s Hif |
If a 2% factorial experiment is laid in a block of size 4 with four
replicates, write down the allocations of degrees of freedom for

analvzing the results of such a design when the highest order
mmteraction is totally confounded.

= Tofss # wi swgal E T 30, 10, 25, 5, 20, 6 3N 4 &3 § | IRfw
el 72, 46 # 94 F T FH BY 3 THEA] F AHR F UF PPS uiaed
I |

A population has seven unitz consisting of 30, 10, 25, 5, 20, 6 and 4

fields, Select a PPS sample of units of size 3, using random numbers
72,46 and 94,

grFEadiFa vt Aftgern, il 39am qg - g 8, 9 s ggm
W 9T Al 2 | G g S % aded i e & =mem fifae g
wl-fagemm w1 werm Fifau |

In a randomized block design with t treatments and r replicates, one
observation was found missing. Explain the method of estimating the
mizzing value and perform the analysiz of variance.

Sfer sifeeTn & 309w Twed 7 W St R W0 SR (1, 2, 3, 4)
o= @ues! (1, 11, I, IV, V) 3 fam o & some = 2

1 11 2

I 1 2 2

[ 3 4

Iv 3 4

LY 3 4

Tenfim Fifaw TR 39w stfbsean g 2 |

What do vou understand by Balanced Design 7 Suppose four treatments
{1, 2, 3, 4) are laid out in five blocks (L, 11, III, IV, V) as given below !
| 1 1 2

11 1 2 2
I 3 4
v 3 4
W 4 4

Establish that the above design is unbalanced.

8

10

10

I

20




(b) Az =mfess = @Fl pass @few X =1 " N0, T) B, it gwisy &
X 21X, padad wife Gt wEan (chi-square) #1 uifg =fza 2 |
If X is a p-component vector of random variables distributed as N0, £,
then show that X' ¥ 1 X iz distributed as chi-square with p degrees of
freedom. 15
(e} wHeH = AqUE vd wagan Giet 1 ge Fifan | 2wisy B s B
Fafed & A o A AR ol B | Wil % efams = s
Hifam |

Compare ratio and regression methods of estimation. Show that ratio
method gives a biased estimation of population total. Derive an
approximate expression of the bias. 15

Q7. (a} Nylu L)H n 9T%E & Anloes gy o 20 fm s = -
i =118, 15 18, 14) 3K

[ O-5
A 5'2 5'4
P
60 51 100
46 35 56 46

For a random sample of size n from Nylu, £), we obtain

i =(18, 15, 18, 14) and
95

A |52 5d

o=

68 &1 1040
46 25 BH6 456

(i) (Xy, Xo) % 30 89 w0 (X, Xy & wofiesy =29 % =] % sierer
i 1A =AU |

Find the estimates of the parameters of the conditional
distribution of (X3, X4) given (X;, Xg).

(i) AT TEEET rqy.q0 H A9 Hifau |
Find the partial correlation rqy.qs. 20
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A, B, C, D 3% E 3TEH G uh 20 7Em 8 % HEHR AT WUSh H e
AR |13 2 gl 4 S5 wes w0

1, bd, abde, cde, acd, bee, abe, ae 3T

1, ac, abd, ade, bed, cde, be, abee 2 |
Tegeh FATE T B Hedfvm w1 aeee fifEo
A 2% experiment involving factors A, B, C. D and E is conducted in the
blocks of size 8. The key blocks in the replicates 1 and 2 are respectively
given by

1, bd, abde, cde, acd, bee, abe, ae and

1, ac, abd, ade, bed, ede, be, abee.
ldentify the confounded effects in each replieation. 15

21 21 % =iHel, A 3 B, U 79 F 200 =1 F Fa1 #7900 1 wdE0 F
# | =i A, 20 W= 1 v meEm Tgfeas ufaes gam 2 ol uee A=
i wial & e e fae afons g e 2

ufmatdimden o |1]2 s[4 5]67][8]09 0]
=t 1 FE glal2fafafd|o(ofo]1|3

=igzr B At 1 3ot @ v g w200 @ 4 A= w2
Fae 34 T ot i s R feas o ofe wfie o 2 ) 32 o == d =
2iq eafim =l ara |

wfaa Bl 1 Fe1 e H ARG DA

(i) “hael Siwet A afom g

(if) = 2 A s giFe B % ofmet g

T8 HArherh =1 AT A 29 W a9 ?

Two dentists A and B make a survey of the state of the teeth of
200 children in a village. Dr. A selects a simple random sample of

20 children and eounts the number of decayed teeth for each child with
the following results :

No.of decayedteeth | 0 |1 |2 |3 |4 |5 |6 |7 |8 |9 10
No. of children gl4(2 2|2 1|00 (0 ([1]1

Dr. B using the same dental technique, examines all 200 children,
recording merely those who have no decayed teeth, He finds 60 children
with no decayed teeth.

Estimate the total number of decaved teeth using

(i} Dr. A's results only
{iiy  Both Dr. A’s and Dr. B's results
Which estimate deo vou prefer and why ? 15

10
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i agfEas afdwm 6 saen fifm 3w s aany gefes e
o i & FHY E4rEu |

U Widgs o e e B avE e S g 8 w0 gemafs gl
% T o0y = ny W TR WA R AR VIF,) T V(v ) FEE
ﬂ1=ng@ﬂﬁ?ﬁﬂﬁﬂjﬁmﬂﬂamﬂﬂﬁﬁ.ﬁmﬁ%mﬁ
o= giz &

WF_“}— 1I"rm:-'c_{'--"ia:tJ _ [r— 1 ”
E’Dpt@ﬂﬁ r+1}
& T r = nyfng F 7 A e @ e 2

Explain stratified random sampling and give reasons for its preference

to simple random sampling.

With two strata, a sampler would like to have n; = ng for administrative
convenience instead of using the values given by the Neyvman allocation.
If V¥, ) and Vol ¥, denote the variances given by the ny = ng and
Neyman allocations respectively, show that the fractional increase in the
variance is
"U{Fﬂ )= "u’upt{FEtJ i ﬁi: 1J2
Y, Jn{?ﬂ) L\r+1

where r = ny/ny as given by Neyman allocation.

Zoise T FEfEm (Hotelling) #1 T2, T2 (Student) ¥ t =1 =9 # |
=1 % sgenvie Was wwim % faw 12 fi v F o ow fag Fifm
T2 % fafis Iwmi &1 dem § 3eeim Ffaw |

Show that Hotelling’s T2 is a generalization of the Student’s t. Prove the

invarianee property of T under the non-singular linear transformations

of the variables. Briefly mention different uses of T2,

11

20
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e fazel

i.lrj_=|3ﬂ+|31 }:.'j.+t-'i|‘ i= 129

¥ fou wdl Be X, =1, X, =0, X, =1, i, 3 p, F BLUE w1 sHifam |
o wfifery 76 a7 Frast wdt =6 & ol wd e

Yi=fo+PrXi+PoXi +5 2
e 0 wu BLUE's $i1 31fHafa =0 3@ S |

For a model
Yi=Pp+P1 Xj+¢g, i=12%3

where ¥; = =1, ¥3 = 0, X3 = 1, find BLUEs of fy, fy. Suppose the
model is not correct and the true model is

Yi= P+ B1 X+ PaXT +5;

Find the bias of the BLUE's obtained.

12
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