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STATISTICS (PAPER-I)

Time Allowed : Three Hours Maximum Marks : 250

QUESTION PAPER SPECIFIC INSTRUCTIONS

(Please read each of the following instructions carefully before attempting questions)

There are EIGHT questions divided in two Sections and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Question Nos. 1 and § are compulsory and out of the remaining, THREE are to be attempted
choosing at least ONE question from each Section.

The number of marks carried by each question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the
space provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard meanings.
Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted even if attempted partly. Any page or portion of the page left blank
in the Question-cum-Answer Booklet must be clearly struck off.
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(b)

(c)

WUs—A / SECTION—A

%@ﬁﬁﬁﬁawﬁmmuﬁm@mﬁﬂﬁn%%%lwﬂn%wm;@wﬁﬁaﬁa
Wqﬁmﬁqaﬁ’élmqﬁwﬁQO%WWWWW%IWWW%
I8 =Afh arae § R @, s fen e R

(i) =R e Py §
(i) Fad T gheer Fresaress 2

Ten percent of a certain population suffer from a serious disease. Two
independent tests are given to a person suspected of the disease. Each test
gives a correct diagnosis 90% of the time. Find the probability that the person
really suffers from the disease, given that—

() both tests are positive;

(i) only one test is positive.
M wfifere 3 X wiiteran aes wom
2 x2, afe 1<x<2
fm={/
o, Hg7

Tl IS Had ATgfesd = Y = X? %1 ¥t 429 S 3R wifiehar oo e B

Let X be a continuous random variable with the probability density function

2/x%, if 1<x<2
0 , elsewhere

i

Find the cumulative distribution function and the probability density function
of Y =Xx2

m?ﬂﬁq%{xn}maﬂxmm@éﬁam@aﬁﬂ@ﬁmwim
FUH WIRshaT wem

P[X=-n]=P[X =n]= n=1 2 -

..
2 ®
&1 S i 6 w1 (X, ) (1) 9eq GEmelt ¥ waet fam s (ii) I&q T3 F g Fram #1
e T 2 |

Let {X,} be a sequence of independent and identically distributed random
variables with common probability function

PIX=-n]=PlX=n]=—2_ n=12 .
‘."IITL2

Check whether {X,, } obeys the (i) strong law of large numbers and (ii) weak law
of large numbers.
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(d) wH <fifse f% xl,xz,-u,xn,uﬁme—%ﬁn9+%%mwﬁmﬁﬁﬁaﬁ:éﬁa,

n V&1 ¥ | 0 % Aftrhan Guifaar eher® (MLE) =1 9E 9 91d it | geariua hifse {5
2Y) +4Y, —1 o 4Y) +2Y, +1
6 6
3H1 MLE %, 5181 ¥} =Min X; 3R Y, =Max X;.
E 1

Let x;, x5, *, X, be n observations, each independently uniformly distributed

between 6 = and 6+ % Find a general form of maximum likelihood estimator

(MLE) of 6. Verify that

208 +4Y,, ~1 sl 4Y; +2Y, +1
6 6
are both MLEs, where Y; =Min X; and Y, =Max X;. 10
1 1

(e) uH ot % (0, 6) W whomm wmlE A X, X,, -+, X, T Igfeos Wfoew § 3R
M =Max (X, X,, -+, X,) %1 30T i M, 0 %1 0F A0 T €71d Trehers ¢ |

Let X;, X,, -, X, be a random sample from uniform population over (0, 6)
and let M =Max(X;, X,, -+, X, ). Show that M is a biased but consistent
estimator of 6. 10

2. (@) "A #fE & X, X,, -, X, TREEA 99E BeH fy(x) T fFR s ¥ wama: i
goEd: |fed Y B AR Y = g(X;, Xy, -+, X,), O F A3 AN A1her B, @

1
we[(%logfe (X)ﬂ

TH STEHAT &1 T SRy Hita ) wWiEl W2 & HiEd 1 WhEEH EaE e FRET e
B RREN S

Let X;, X,, -, X, be independently and identically distributed observations
from a distribution with probability density function fy(x). If
Y =g(X,, X5, -, X,) is an unbiased estimate of 6, then

varg (Y) 2

1
nEe{(‘%log fo (){))2]

Use this inequality to show that the sample mean is a uniformly minimum
variance unbiased estimator of mean of a Poisson distribution. 20

var (Y) 2
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(b) Waamwwmmaﬁﬁqﬁﬂmﬁweﬁﬁﬁmmmmmﬁmﬁﬁmﬁﬂ

(c)

(@)

(i}P[ng}s%aﬂt (ii) P[Xzzk]s%,aﬁXﬁwmq%m‘@ﬁm%mwaﬂi
T T A S SR 7

State and prove Chebyshev’s inequality. Hence or otherwise, prove that

(i) P[XS%} S% and (i) P[X =22A] S%, if X is any positive random variable

having both mean and variance equal to A.

TRl WeM™ # (@ + b) G91R Hagmed & a U F 99 § 3N b(b < @) 9% feg ¥ AH
St o6 efur % efioror ¥ fog wgEa A e ¥ Pukor 3g e cewE W 2 AR =
(a+b) B waerasti # & n(n < b) IEFEE A 7a 3 TE W L, @ w0 WG 2
ST miaTd ¥ foreg & A Sfia smEA?

In a community of (a+b) potential voters, a are for abortion and b(b < a) are
against it. Suppose that a vote is taken to determine the will of the majority
with regard to legalizing abortion. If n(n < b) random persons of these (a+b)
potential voters do not vote, what is the probability that those against abortion
will win?

Xl,mmm%m%ﬁﬁwamﬁﬁwﬁﬁmﬁmm%aﬂtxz
mﬁqﬁﬁﬁ%‘ﬁﬁﬁﬁﬁﬂ?ﬁaﬂaﬂm%(XlzXz).(XI,XQ)WWMW
FH

-X

e L, 0=Zx;<xjxeen
Xy, Xp) =
I Pas x5) { o =

w0 fe Ry =X+ X, Ry, =X, - X, WP 3R Y, % g% Wil o9
e F T HI | =Y, 3R Y, e w9 § 6 §7 wRo ahrn

X is the time that a customer takes from getting on line at a service desk in a
bank to completion of service and X, is the time to wait in line before reaching
the service desk (X; 2 X,). The joint probability density function of (X;, X,) is
given by

-X

S (s x2)={e E

o, elsewhere

LetY; =X, + X, and Y, = X, - X,. Find the joint probability density function of
Y; and Y,. Are Y| and Y, independently distributed? Give reason.
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(b) TH AT X, Xy, X5 ¥l X, @ R wnedd: €Ra s W ok ua@w @
WIehd] 99 Her

Fi-0%, 0epel

f(X)={ £ of

BIY =Min (X, X5, X3, X4) 1 G501 5 %ed 3R WRreaT 99ea Ser 1 i)

Let X;, X,, X3 and X, be independent and identically distributed random
variables each having probability density function

3-x%, O<xxl
0 , otherwise

fx ={
Find the cumulative distribution function and probability density function of
¥ = Min (R, 5 X X0 15

(c) FieHrE-foRda whew wgE F@ ge Fufa e & w70 T R o osked o,
H1Eg 4 9rcl °TaiEh! 529 A Y 8| wfdew § Jeor §

07, 55, 57, 43, 0.8, 1-1, 51, 49, 2:0, 3-9, 53, 42, 52, 5-8, 6:0

(f&n R %, Dy3 .05 =0-361, D4 .05 =0-349, Dis 0.05 =0-338)

Using Kolmogorov-Smirnov test, determine whether the sample data given
below come from an exponential distribution with mean 4. The observations in
the sample are

0-7, 55, 57, 43, 08, 11, 51, 49, 2.0, 3.9, 53, 42, 52, 58, 60

{Given, D13, 0.05 = 0361, DI4, 0-05 =0349, D15, 0-05 =0338) 15

4. (o) "AANCTE X, X,, -, X, T U@ 9 F Iefos yhed 2, Raw wiiea we vo
f(x)=9x9_1, 0<x<1,6>0

81 6 I Jffekan Ffr Fa® (MLE) 3R 7" 560 sfied smseis (MVUE) T
e |

Let X,, X,, ---, X,, be a random sample from a distribution with probability
density function

f)=6x%1, 0<x<1 650

Find the maximum likelihood estimator (MLE) and minimum variance
unbiased estimator (MVUE) of 6. 20
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(b) 3R TRfess W X, yomm @29 Nm,l)mmmé,ay=l;&m%ﬁwmm

WY, S8 @ 3N ¢, THF JEHE o N, 1) % %59: Goft 5ed W 3R W Taeg
wod # e =@ 3

If the random variable X follows normal distribution N(, 1), then find the

. 1-@ p ol e .
expectation of Y = ¢'(X(] , Where @ and ¢ denote the cumulative distribution
function and probability density function respectively of N(0, 1), the standard
normal distribution. 15

() wH e % X, x,, -, X, Wm,mmwuaﬂtmzs%,@%mww
aigi=o% whied R n=16éauﬁzﬂanm%sf\aqa?nmw:r§qwﬂaﬁw%:u=sﬂa,
| dehfeum gftmeqd (i) Hy:u>S3 (i) Hy :p <5 % foeg, e ¥ forn whgamm:
¥haH (UMP) qiterr e shifdm |

Let X), X,, -+, X, be a random sample from a normal population with mean u
and variance 25. For a sample size of n =16, find the uniformly most powerful
(UMP) test for testing the simple null hypothesis Hy :u =5 against the
composite alternative hypotheses () Hy:u>5 and (ii) Hy : p<b. 15

@Us—B / SECTION—B

5. (@ Y, Y, Y3, Y, W wWam W 3§ E(Y])=E(Y3)=0, +6; +6,,
E(¥p)=E(Y4)=6;-8, 3R V(V;)=0? (i=1,23 4 % fore) | wefim Hift 5 @
6, +63 3R 0, +0, +6, AHTE 81 3 ¥w R, A % BLUE ww 9wl BLUE &
wazont 1 oft um i

Y1, Y5, Y3, Y, are four independent variables with E(Y}) = E(Y3) =6, +8; +0,,
E(Yy)=E(Y4)=6; -6, and V(¥;)=c? (for i=1 2, 3 4). Verify whether 6, +6,

and 6, +83 +0, are estimable. If so, obtain thejr BLUEs. Also obtain the
variances of the BLUEs. 10

(b) WM i 6 X =[x, X5, X3) =1 B yammy e Ny, T) &, S’ =, 1, 1] 3k

E:

—
NN~

1
2
3

Y 6 (X, - X)2 +(X5 - X,)2 Frh-al (chi-square) 7 T@ar | w@d=ar 4 Hife
%1 FHY i |
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(c)

(d)

Let X =[X,, X5, X3]° have trivariate normal distribution Ny, ¥), where

w=[L1,1] and

N N =
W N~

1
3|1
1

Show that (X, le}z +(X3 - X5)? has a chi-squared distribution. State the

degrees of freedom.

grgfera Tehfefirs agfea® yva gfoam
Y =u+aq; tey, i=L2 -, a; j=L2 -, r

% for, Sl a; ~ N(0, 07) ViR e; ~ N(0, 62) Vi, j, &, awisy 6
PG, <0]=P[Fg(,-1), q-1 >1+n1]

?I'{'f'c:

CIIQ
LSRN

For a balanced one-way random effects model
Yb’:]-l'i'a-l"i‘eg', i=}12, ey @y j=1r 2, s
where a; ~ N(O, 0'3) Vi and e ~ N(O, Ug) V1, j, show that
P[éa <0] = P[Fa[r—l), a-1>1+n1]
2
where 7 =—2.
Ge

I IFATH G Agfewd W= G 10 TH-THS dTd [@vel & gAdl 3 2R yois e W
TSl A weEm (y) fimdt }1 399 o gamen & e T of 2, Rl 9 gepl gaion % gl
EUE T Yl Fl HEAT (x) 1 AT L EHdl 8| 30 T8, = 19.7 F THd1 & 39 ofF M
AT qe % Afeehed: TGS &, I8 ATguTh faft w1 g, F e & forw e )

Fiehg Trferiaa a1 +d % -
N =1000 (F4R9v M), n =10 (SRS 3R o mn)

y; = TH-THS AqTel @8 W ardfas vel it fmedt, i=1, 2, -+, 10

x; = Y% Y@UE I TS The
7 =22-10, x =20- 80

&g 1 2 3 4 5 6 7

10

FrEfas gegr e gHeE (Y) | 25 15 22 24 13 18 35

30

10

29

E’ET&FB?TW?[X) 23 14 20 25 12 18 30

27

31

yid TFe 42l 1 {Ed g 3R ke i TS IR H e Hifsie
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An investigator selects 10 one-acre plots by simple random sampling and.

counts the number of trees (y) on each plot. She also has aerial photographs of
the plantation from which she can estimate the number of trees (x) on each plot
of the entire plantation. Hence, she knows My =19-7 and since the two counts
are approximately proportional through the origin, she uses a ratio estimate to
estimate pu y- The data yield the following :

N =1000 (plantation size), n =10 (taken by SRS)
Y; = The actual count of trees in one-acre plots, i=1 2, ---, 10
X; = The aerial estimate for each plot

§=22-10, X =20- 80

Plot

1 2 3 4 5 6 T 8 9 10

Actual No. per acre (Y) 25 15 22 24 13 18 35 30 10 29

Aerial estimate (X) 23 14 20 25 12 18 30 27 8 31

(e)

6. (a)

Estimate the average number of trees per acre and the standard error of the
estimate.

Hgferd 9l @ueF ey (BIBD) # debeu &1 aviy i) BIBD & & & fau
T A= 82 ARV =(1,2 3,4, 56 7), N T @UeF T R %9 3 @ ik v
FEFEl 1 4T I h-3F TF o @es § 1)

Explain the concept of balanced incomplete block design (BIBD). What are the
conditions for existence of a BIBD? If V={,223456, 7}, then form a
number of blocks, each of order 3, such that each pair of elements in V is
contained in exactly one block.

mwaw%mumﬁﬁawaaﬁtw@g%ﬁ%ﬂmwﬁmﬁﬁm:

112 2
L 213 3
1 2 oz
2 3 3
p=
2 2| 1
3 %) 2
2 |1
3 3 2
== =
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Obtain first canonical correlation and its associated canonical variable pair for
the following correlation matrix :

1 |2 2
1 213 3
1 2 2
2 1|3 3
=1 = 1
3 3|1 32
2 2|1
3 3|z 1

20

(b) =wize f% CB =0 8 wfaafa ymm y = XB +¢ # B+ anwers®
Bc =B-x'x)'c'lcxx e cp
?LRB=(X"X"1x"y?I
w2 a5 y,nxl; X, nxk; B, kx13R C, qu%, ﬁl‘ﬂﬁ%aﬁﬁqsk%l
Show that in the model y = XB +¢ subject to CB =0, the estimator of B is
Be =B-(x"x)'c’lc(xx) ¢ B
where B=(X’X]_1X’y.
Note here that y is nx1, X is nxk, B is kx1 and C is gxk of rank g <k. 15

(c) “E-SURH FE 3R FS T Tha-IueH wau § 9 HR| ag-I0eH W § gwor w5 wmn
ared 87 HehRa wrEl ) gEedl 6 w1 % gea W o ge ) ) awele € S 27

Distinguish between a factorial experiment and a number of single-factor
experiments. What is meant by confounding in a factorial experiment? Why is
confounding preferred even at the cost of loss of information on the
confounded effects? . 15

7. (a) wHeg WiowEA fafy = wge A siR 39% o aen s AR S wElE 9 % omwen ¥
el SR h1 FeH FH B! T B hves, wlowad, @ wR=mm w1 1@ Ry serw
fore TR 2

Explain the method of systematic sampling and give its merits and demerits.
How do you estimate the sampling variance of the estimate of the population
total? Show how systematic sampling is a particular case of cluster sampling. 20
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(b) T AR R ny =11 3R n, =12 Jaw @ agos e X, o X, WA, S e

(c)

STH-P-STSC [ 40

I WETEwl AR Y Weg wead: fawm me wfew gy, qon p, e B s s
@ arel FEyTid | foesl mien |few 3R 6w gevel e e fey e R

5[] %[} s

wearifey wfesl gt p? v firm =1 e fafra wem feferg) foreh ot wmfe o) =1 7,
= 357 X = (0, 1) Fram s

Suppose n; =11 and n, =12 observations are made on two random vectors
X, and X, which are assumed to have bivariate normal distribution with a

common covariance matrix », but possibly different mean vectors pu; and p,.
The sample mean vectors and pooled covariance matrix are

- -1 = 2 7 -1
Xyp=| ;b X2=|{ Spootea =|_; 5

Obtain Mahalanobis sample distance D? and Fisher’s linear discriminant
function. Assign the observation X =(0, 1) to either population n; or m,.

HHFﬁﬁiQﬁﬁyl =B, By +ey, Yo =B3 +e, 3ﬂ“{y3 =B, +B2+83,3|ﬁel, e, 3R e,
@as 3R N(O, 62) % @Y guF w2 Agfes® W 21 (2B; —B,) F warw Waw mfiEd
e (BLUE) W =hifv | & e s wafes s e 27

Let y; =B, —-B, +e;, Y =B3 +e, and yz =P, +B, +e3, where e, e, and e;
are iid N (O, o?). Obtain best linear unbiased estimator (BLUE) of (28, —B,). Is

this linear parametric function testable?

& woag B A i\ ged 5 safw g A g off o fmes gitomm e fog R

15

15

Gl
g A B C D E
a 544 541 543 5-42 543
b 543 541 5:42 543 544
545 542 543 543 544

1 (i) Tt =afwal gra e o At § s (i) B ) genat d i wewyl o 27

Three sides of an equilateral triangle were measured by 5 persons with the
following results :

10

) Persons
e A B & D E
a 5-44 541 543 542 543
b 543 541 542 543 544
545 542 543 543 544
Is there any significant difference between (i) measurements by the persons
and (ii) the sides of the triangle? 20



.

. (b)

(c)

n YUl F UR W Th B I THA y =B, + B, x + e F=Thu) framy & a1 #
e A B2 (x, - %)2 ¥ 1 7 AR 10 Jawi ¥ snem w AR Rl st Fred €

i=1

3 (y; - ;)% =3267, Yy; =633, Zy? =423-49, Y x; =139, Zx? =2239
1 i H i i

X 3R Y ¥ 9 gcih GEEErY G0 g B, 1 ATheH HIfg | sEH a & Fuio o o
e i)

Consider a simple regression model y =8, +p,x +e based on n observations.

2 n
Show that the regression sum of squares is Bf E(xt- —2)2. Suppose the
i=1
summarized data on 10 observations yield

T -9;)? =3267, Yy =633, Yy?=423.49, Yx =139, ¥ x?=2239
i i i i i

Estimate B; assuming positive correlation between X and Y. Also obtain
coefficient of determination.

mw%m-mm(ﬂTE)%mmmwﬁm|WWﬁ
T F F G A ATl Hiears i 3 iy | Iga-TEl TE e 91 Hieg |

Derive the expression for the variance of Horvitz-Thompson estimator (HTE) of
population total. Point out the difficulty faced in estimating it. Find
Yates-Grundy variance estimator.

* ok ok

15

15
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